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In the past decade, group testing of a binary response has once again become a topic of great interest ([@B20]; [@B26]; [@B10]). The idea was first introduced in 1943 as a potential cost-saving measure for the detection of syphilis in U.S. army recruits ([@B11]). Group testing reduces the number of tests by allocating, randomly or otherwise, $\documentclass[12pt]{minimal}
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More recent work has considered potential issues with group testing, such as dilution effects, non-random group assignment, and misclassification ([@B13]; [@B27]; [@B8]; [@B16]). [@B24] suggested that if the unknown prevalence of a binary characteristic is sufficiently low and the screening test suffers from misclassification, more precise estimates of the prevalence can be obtained from $\documentclass[12pt]{minimal}
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}{}$n$\end{document}$ individuals separately. The intuition behind this finding is complex. When a test has a rate of misclassification independent of the number of individuals in the pooled sample, performing fewer tests could increase the precision of the prevalence estimate due to fewer tests being performed, thereby leading to less noise in the observations. This is particularly the case when the prevalence is sufficiently small, making it uncommon that two positives will occur in the same group.

The data structure where an individual's binary response corresponds to an underlying time-to-event variable $\documentclass[12pt]{minimal}
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In this paper, we develop a simple algorithm to compute a nonparametric maximum likelihood estimator of $\documentclass[12pt]{minimal}
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2. N[otation and likelihood function]{.smallcaps} {#SEC2}
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We assume that the underlying data, prior to grouping, arise from $\documentclass[12pt]{minimal}
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This development assumes a perfect screening test of whether or not the true group test result was positive, $\documentclass[12pt]{minimal}
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3.1. Development of the algorithm {#SEC3.1}
---------------------------------

Group-tested current status data can be formulated as a missing data problem. First, consider the setting without misclassification of test results. While the full set of screening times $\documentclass[12pt]{minimal}
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To implement the expectation-maximization algorithm, we calculate the expected value of the true individual test result, $\documentclass[12pt]{minimal}
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It is important to run the algorithm with several choices of starting values, not only to reduce the possibility of converging to a local extrema, but also to discover possible different nonunique versions of the nonparametric maximum likelihood estimator. We recommend choosing a large set of random starting values of $\documentclass[12pt]{minimal}
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3.2. Comments regarding asymptotics {#SEC3.2}
-----------------------------------

Asymptotic results for standard current status data are nonstandard. The nonparametric maximum likelihood estimator is known to be consistent, although converging only at the rate $\documentclass[12pt]{minimal}
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These results can be applied directly to the group-testing scenario only in the simplest situations. For the extreme situation of only one monitoring time, estimation of $\documentclass[12pt]{minimal}
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Even with a finite number of monitoring times, the situation becomes more complex when screening times are randomly assigned to the groups. This is clear even in the case of only two monitoring times and with pair groupings done at random. Further, there are as yet no known asymptotic results for the nonparametric maximum likelihood estimator of $\documentclass[12pt]{minimal}
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4. E[lementary example]{.smallcaps} {#SEC4}
===================================

4.1. An analytic solution {#SEC4.1}
-------------------------

For illustration, consider a simple example in a setting without misclassified test results, where there are two groups each containing two individuals; that is, $\documentclass[12pt]{minimal}
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Fig. 1.Elementary example of data configuration with two groups, each of size 2, where the first group has tested positive and the second group has tested negative.

The conditional likelihood ([1](#asw043M1){ref-type="disp-formula"}) in this setting is $${CL}_{4} = \{ 1 - S(c_{1})S(c_{3})\} S(c_{2})S(c_{4})\text{.}$$

It is immediate that the nonparametric maximum likelihood estimator must have $\documentclass[12pt]{minimal}
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4.2. Multiple convergence values {#SEC4.2}
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This simple example demonstrates the nonuniqueness of the nonparametric maximum likelihood estimator, with the algorithm converging to a specific solution for $\documentclass[12pt]{minimal}
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5. S[imulations]{.smallcaps} {#SEC5}
============================

5.1. Design of simulations {#SEC5.1}
--------------------------

We carry out two series of simulations to examine the behaviour of the expectation-maximization pool-adjacent-violators algorithm for group-tested data, as compared to the pool-adjacent-violators algorithm, which is the nonparametric maximum likelihood estimator for individual-level current status data ([@B5]). We consider two scenarios, one where the tests are subject to no misclassification, and another where the test is subject to misclassification with known, constant error rates. In the latter case, the comparative estimator for misclassified individual-level current status data was derived by [@B18]. We consider both continuous and discrete independent screening times. The former are described and discussed below, and the latter in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.
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For misclassified test results, we are most interested in examining performance of the expectation-maximization pool-adjacent-violators estimator in the left tail of $\documentclass[12pt]{minimal}
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In each run of the two sets of simulations, for perfectly classified data and misclassified data, we compute both the appropriate expectation-maximization pool-adjacent-violators algorithm for the group-tested data and the appropriate pool-adjacent-violators algorithm for individual data. To select initial values for the expectation-maximization pool-adjacent-violators algorithm, we first draw $\documentclass[12pt]{minimal}
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The [Supplementary Material](#sup1){ref-type="supplementary-material"} contains results from two simulations in samples of size $\documentclass[12pt]{minimal}
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5.2. Results: perfectly classified data {#SEC5.2}
---------------------------------------

[Figure 2](#F2){ref-type="fig"} displays the results from applying the expectation-maximization pool-adjacent-violators algorithm and the pool-adjacent-violators algorithm to data generated in the six simulations where there is no misclassification of the test results. These simulations show that the finite-sample bias is small, except perhaps when the group size is large, e.g., $\documentclass[12pt]{minimal}
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Fig. 2.Results from six simulations of the estimation of $\documentclass[12pt]{minimal}
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Because the asymptotic properties of the expectation-maximization pool-adjacent-violators algorithm are currently unknown, to demonstrate variability in the estimates we delineate the 95% Monte Carlo quantile interval by dashed and dotted lines in [Fig. 2](#F2){ref-type="fig"}. The width of this interval for the pool-adjacent-violators algorithm from individual data is always smaller than that for the expectation-maximization pool-adjacent-violators algorithm applied to group-tested data. This is to be expected, as there is no misclassification in these simulations. Smaller group sizes $\documentclass[12pt]{minimal}
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5.3. Results: misclassified data {#SEC5.3}
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[Figures 3](#F3){ref-type="fig"} and [4](#F4){ref-type="fig"} present results from the twelve simulations in settings with $\documentclass[12pt]{minimal}
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Fig. 3.Graphical representation of the finite-sample percentage relative bias from 12 simulations repeated 1000 times with 5000 individuals each, based on different group sizes $\documentclass[12pt]{minimal}
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Fig. 4.Logarithm of the pseudo-relative efficiency of the expectation-maximization pool-adjacent-violators algorithm and the adjusted pool-adjacent-violators algorithm from 12 simulations of 1000 runs with 5000 individuals each, based on different group sizes $\documentclass[12pt]{minimal}
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With regard to variability, a comparison of the widths of the 95% Monte Carlo quantile intervals associated with both estimators, as shown in [Fig. 4](#F4){ref-type="fig"}, demonstrates a considerable advantage of our estimator from group-tested data at low $\documentclass[12pt]{minimal}
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The [Supplementary Material](#sup1){ref-type="supplementary-material"} includes results from simulations of group-tested current status data on a grid, with grouping done solely according to common observation times, which more easily ensures a sufficiently small maximum value of $\documentclass[12pt]{minimal}
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6. A[pplication to hepatitis]{.smallcaps} C [data]{.smallcaps} {#SEC6}
==============================================================

To investigate the performance of our estimator in a practical setting, we use publicly available data from the 2014 U.S. Birth Data File, created by the National Center for Health Statistics, to investigate the age-at-incidence distribution for hepatitis C in non-Hispanic white women of child-bearing age. The dataset includes all such women of ages 13--40 who gave birth in 2014. We are therefore making the tacit assumption that women who gave birth are a representative sample of women of the same ages that could have given birth in terms of their risk of infection with hepatitis C. This is not exactly correct but seems to be a reasonable approximation, at least for sexually active women. Of the 1 981 521 eligible women, we randomly sampled 10%, creating a sample of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$N = 197\,840$\end{document}$ observations, for greater ease of illustration and computation. The data include the mother's age in years and her hepatitis C status at the birth of her child. Of the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$N = 197\,840$\end{document}$ women in our investigation, only 901 tested positive for hepatitis C, a cumulative incidence of 0$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\cdot$\end{document}$46%. When accounting for potential misclassification of these test results, we used the sensitivity, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha = 0{\cdot}987$\end{document}$, and specificity, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta = 0{\cdot}999$\end{document}$, associated with the most commonly used test for hepatitis C: an enzyme immunoassay test. Although hepatitis C can be spread via sexual contact, it is primarily transmitted through blood, and an increase in the incidence of hepatitis C after age 25 would imply that people are beginning or continuing to engage in risky drug behaviour.

These data are based on individual blood testing for each mother separately. To illustrate our proposed methods, we consider group testing of pooled blood samples, representing potentially enormous savings in test costs depending on the size of the grouping used. These savings persist even if specific infected individuals need to be identified. As discussed above, given the low misclassification rates, we anticipate some loss of accuracy in estimating the prevalence, but this may nonetheless be worth the considerable cost reduction. We created artificial group-test results in two ways: (i) by assigning the data to groups of sizes 2, 5 and 10 according to age (gridded group assignment), and (ii) by randomly assigning the data to groups of sizes 2, 5 and 10. Then, each group test was assigned a positive result if at least one individual test was positive. For gridded group assignments, we computed point estimates and 95% confidence intervals adjusted for misclassification using the method described in $\documentclass[12pt]{minimal}
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[Figure 5](#F5){ref-type="fig"} displays estimates obtained from individual and group-tested results with groups of sizes 2, 5 and 10 in a setting where group assignment is done by common age. The results are satisfying, as they lead to the same public health implications. Although the estimates are slightly different, they increase with group size, and the major jumps in the estimates occur at ages 19 and 21 for each of the group sizes considered. From these results, we can be fairly certain that any intervention to potentially reduce the public health burden due to hepatitis C infection would best occur during adolescence, ideally before risky behaviours such as drug use and unprotected sexual activity begin. In this example, major cost reductions could be achieved by decreasing the number of tests performed, assuming costs are proportional to the number of tests, without changing the conclusions of the analysis.

Fig. 5.Four estimates of the cumulative incidence of hepatitis C in non-Hispanic white child-bearing U.S. women of ages 13--40 in 2014 when grouping is assigned according to common values of age. Group sizes considered were $\documentclass[12pt]{minimal}
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[Figure 6](#F6){ref-type="fig"} displays estimates obtained from individual and group-tested results with groups of sizes 2, 5 and 10 in a setting where group assignment is done completely at random. Unlike the estimates in [Fig. 5](#F5){ref-type="fig"} obtained from data grouped according to the women's age, here the estimates from data in groups of different sizes yield different implications. The results from the individual tests suggest an essentially flat cumulative incidence of hepatitis C after age 21, having reached a cumulative incidence of approximately 0$\documentclass[12pt]{minimal}
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}{}$\cdot$\end{document}$38%. This has significant implications for a public health intervention: it potentially indicates, for example, that any future hepatitis C vaccination would be most effective if implemented during late adolescence. No vaccine currently exists, although several candidates are under development. The group-tested results from groups of size 2 support the same conclusion, although they suggest that the cumulative incidence does not increase after age 19. However, the results from groups of sizes 5 and 10 tell a slightly different story: while these estimates increase to a cumulative incidence of roughly 0$\documentclass[12pt]{minimal}
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Fig. 6.Four estimates of the cumulative incidence of hepatitis C in non-Hispanic white child-bearing U.S. women of ages 13--40 in 2014 when group testing with random group assignments. The solid line is the pool-adjacent-violators estimate from the individual test results, and the dotted, short-dashed and long-dashed lines are the estimates obtained from the expectation-maximization pool-adjacent-violators algorithm with the individual test results artificially assigned to groups of sizes 2, 5 and 10, respectively.

Because these estimates seem to imply public health interventions at different times in life, it is important to consider which estimate is most reliable in this particular setting. As noted earlier, there is very little misclassification in the testing procedure, so we would expect that the results from the adjusted pool-adjacent-violators algorithm based on individual data would be more accurate, albeit obtained at significantly higher cost. However, the pool-adjacent-violators algorithm adjusted for misclassification has a limitation: it automatically estimates cumulative incidences that are less than $\documentclass[12pt]{minimal}
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7. D[iscussion]{.smallcaps} {#SEC7}
===========================

In this paper we have proposed a modified expectation-maximization algorithm to estimate a distribution function from data obtained by group-tested current status screening with test misclassification. Simulations show that the estimator based on group-tested data adds relatively little extra small-sample bias compared to an estimator based on individual data, but has a far lower cost, although this conclusion necessarily requires a larger $\documentclass[12pt]{minimal}
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In the presence of misclassification, these observations suggest possible hybrid grouping strategies that may improve precision at low values of $\documentclass[12pt]{minimal}
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There are a number of important extensions to these results. As noted, the pool-adjacent-violators estimator for classic current status data converges at a rate of $\documentclass[12pt]{minimal}
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}{}$n^{1/3}$\end{document}$ with a nonstandard asymptotic limit, see a 1987 technical report by P. Groeneboom from the University of Amsterdam. We conjecture that the same asymptotics will hold for the group-tested estimator, although this remains to be established. In practice, in a setting with misclassified individual current status data, the $\documentclass[12pt]{minimal}
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It is natural to anticipate that misclassification rates may depend on group size. This may occur, for example, if the screening test is more sensitive to detecting a positive group when there are more individual positives in the pool, related to the so-called dilution effect ([@B13]; [@B19]). Second, covariate-adjusted regression analysis has been a primary focus of the statistical literature on group testing ([@B25]; [@B28]; [@B6]; [@B7]). In addition, in many applications, interest is focused on regression effects or group comparisons of time-to-event properties rather than on estimation of the underlying distribution function itself, often through use of standard multiplicative or additive regression models. Such regression models have been widely studied for individual current status data ([@B14]). Future work will investigate the use of additive hazard regression models for group-tested current status data.

Supplementary Material
======================

###### 

Click here for additional data file.

The authors thank the editor, associate editor and reviewers for their insightful feedback. This work was supported by the National Heart, Lung, and Blood Institute, U.S. National Institutes of Health.

S[upplementary material]{.smallcaps}
====================================

[Supplementary material](#sup1){ref-type="supplementary-material"} available at *Biometrika* online contains a derivation of the expectation step of our expectation-maximization pool-adjacent-violators algorithm in the presence of misclassification, results from both sets of simulations with fixed censoring times, and code needed to replicate the simulations outlined in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\S\,$\end{document}$5.1.
